BANACH SPACES WHICH CAN BE GIVEN AN
EQUIVALENT UNIFORMLY CONVEX NORM

BY
PER ENFLO

ABSTRACT

Necessary and sufficient conditions for a Banach space to have an equivalent
uniformly convex norm are given.

In this paper we give necessary and sufficient conditions for a Banach space
to be isomorphic to a uniformly convex Banach space. Our main theorem, in
fact, has quite a few corollaries which are of interest in Banach space theory
since it shows the isomorphic equivalence between uniform convexity and uniform
smoothness. Some examples of this are given at the end of this paper.

DEFINITIONS. An ordered pair (x,x,) in a Banach space is a (1,¢)-part of a
tree if ” Xy — X “ 2 &. Now if the (n,&)-part of a tree is defined, we say that a
27+ tuple (x4,X3, ", Xpn+1) is @ (n + 1,6)-part of a tree if “ Xaj_1—Xaj II =,
1 £j £2" and the 2"-tuple (x; + x,)/2, (X3 + X4)/2, **, Xan+1.1/2 + X3n+1/2i8a0
(n,e)-part of a tree. Further, the Banach space B has the finite tree property,
if there is an & > O such that for every n, there is an (n,&)-part of a tree where
all elements have norm at most 1.

In James [1], it is proved that

A uniformly non-square Banach space does not have the finite tree property. (1)
This theorem combined with our main theorem below gives the corollaries listed
at the end of this paper.

MAIN THEOREM. A Banach space can be given an equivalent uniformly
convex norm if and only if it does not have the finite tree property.

Proor. The “‘only-if*’ part of this theorem is easy (a proof can be found
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in [1]) and so we will only prove the “‘if”* part. This will follow from the lemmas
below. In order to state our first lemma we have to make some

DeFinITIONS. Let B be a Banach space and z e B. The ordered pair (x,,x,)

ol =Dl ond fry =y 2 e

Having defined an (n, ¢)-partition of z, we say that the 2"+ -tuple (y,, y,, -, Yzns+1)
is an (n + 1,e)-partition of z if | vy | = [y, ! 2¥ 2 - 2215y
A yai-o] [yl
1 £j = 2% and the 2™tuple (y; + V3, Y3 + Yas s Yansioy + Yaues) i an (n,8)-
partition of z. If (xy, x4, -, %;.) is an (n, ¢)-partition of z, then the (k, £)-partition
(¥ + X3+ Xgnowy Xgwekg gt Xonokig F o F Xouoker, vy Xpnoge-xgq F
+ Xgn_gn—iyg + o+ + X20) Is the k-part of the (n,e)-partition (x;,x,, -, x,.).
For simplicity we say that (z) is a (0, &)-partition of z.

is a (1,¢&)-partition of z if x;, + x, = z,

1 Y- Yaj

LemMa 1. If a Banach space B does not have finite tree property, then for
every £ > 0 there is an n and a 6, 6 > 0, such that if ze B and (x(,X5,**,X;n)
is an (n,¢)-partition of z, then

Einlzaralsl

ProOF. Assume [ z| =1 and let (x;,%,,+,%,m) be an (m,e)-partition of z.
If we take the I-part (x;4x;+ - +Xom_1,Xom_141F+Xam_ 142+ -+ +X;m) Of this
partition and multiplity the 2 vectors of it by 2, we get (by the definition of (m, &)-
partition and (1, ¢)-part of a tree) a (1, ¢)-part of a tree where both of the vectors
have length > 1. Inductively we see, that if we take the k-part of the (m,e¢)-
partition and multiply the vectors of it by 2%, then we will get a (k, ¢)-part of
a tree where all of the vectors have norm = 1. Now since B does not have the
finite tree property there is an n and a d, 6 > 0, such that for all such (n,¢)-parts
of trees formed by multiplication by 2" of the vectors in an (n, ¢)-partition, there
is one vector of length = 1 + 2"3. And this gives directly

Sinlziro=arolzl

For the next lemma we need
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DEFINITION.  We say that a real-valued function x — | x| is an ecart in B if
a) le =0 forallxand[x] =0ex=0
b) |cxx| = |u| |x] for all x and real «.

LEMMA 2. Let B be a Banach space which does not have the finite tree
property. Let ¢ be a positive number and let n and & be as in the conclusion
of Lemma 1. Assume 0 < § <& <'[g. Then there is an ecart in B anda 8, > 0
such that

9 (t-9]x] =|x = (1-3)x]

b) if|x|=|y|=1and |x-y] gsthen|x+y[<[x|+[y|—5l.

Proor. For each z and each (m,e)-partition (uy,uy, -, uzm), 0 < m < n,
of z we consider the number

2"‘
Elllufl\
o 1 1Y’
1 +§(I +Z+"’+ Z’—")

For a fixed z, we denote the infimum of these numbers by | z ] . Obviously this is
an eccart. We also se: directly that (1 - 9) :] z “ < | z[ £(1-6/3) “ z! ; the
right inequality is obtained from the (0, &)-partition of z. It follows from Lemma 1

that the infimum does not change if we consider (m, ¢)-partitions with
0<m=n-—1. Nowlet ”x[[ = “y“ =1 and “x—y“ = ¢ hold.

Then (x, y) is a (1,¢)-partition of x + y. Choose y, 0 <y < §/4%", and a (k,¢)-
partition (uy, u, -, ux) of x and an (I, &)-partition (w;,;, w; 5,",w; ;) of y such that

2k 21
E; 1 E‘ “ W |
Ixl> 55 Rt Er v 1y "

We can assume n—12=12k = 0. We denote by (w, ;,w, 5,,w, 5x) the
k-part of the (I,¢)-partition of y. We then have
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21 2k
Il jg [ wis] . j?} [ wies
yi = - - -7

1+§1+l+---+i 1-{-él~t—l+~--+i
2 4 4 2 4 g
2k )
Z [

i=1

=T e 1 1 T\ "
1+§ 1+Z+”.+4T+T+§—'_4m

We now consider the (k + 1,¢&)-partition (4, sz, -, Uy, Wy 1, Wy 3, Wy 2x) OF
x + y which we obtain from the (k, £)-partition of x and the k-part of the (I, ¢)-
partition of y.

This gives

 Jul + X w,]
Ix'*'y'é i=1 Jj=1

I (U S S
2\" "4 4k+1)

The inequalities which we have obtained for x, y and x + y now give

. 2k . 1 _ 1
Hebl-kesslz E bl et ) ;+..-+;,1—1)>

2 1 1
- ,E”Wmﬂl( 5, 1 1y o/ 1 1 1 >'2y
1 +§(1 +Z+"'+4,‘+1) 1 +§(1 +Z+"'+Zk~+—1+3—j‘k+—l)

\

2k 2%
Since T [u;| and X | w, ;| are both between 1 and 1 + 4, this is
i=1 i=1

é 1
§'4k+1
=1
= ) 1 1 (5( 1 1
(1+§(1+Z+ +ZE))1+§1+4+ +47+—1—))
é 1
5'3.4“1
—(1+6)- -2y

1 1 o 1 1 1
1+§(1+Z+"'+4k+1 (1-{—2— 1+Z+“'+4—m+—3—.’4k‘+1—
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. d .. 6 1 6 1 1 .
and since y <Z7"_ this is 22—-4“3 2 3 2 since 0 <4 <§. The lemma is
proved.

Lemma 3. Let B be a Banach space with norm ” ||, which does not have

the finite tree property. Let ¢ be a positive number and let n and & be as in the
conclusion of Lemma 1. Assume 0 < 8 < ¢ < 1/8. Then it is possible to introduce

a norm “ ||5a in B such that
D A=x] S [x]a s 1 o] <],
B [l =1yl =tand e =y 2 5= fxtyls S [xhat [yl -eon

where &, is the same as in the conclusion of Lemma 2.

Proor. We introduce an ecart | | in B as in Lemma 2, and then we let || x5,
be the infimum of the lengths in this ecart of polygons connecting 0 and x. Then
|| ”5E is obviously a norm which satisfies a). Now assume that || x ” = ” y “ =1
and H xX—y

= 56.Choose y > 0sothat § + 9y <e. Let 0 = x4,x1, X5, X,; = X
and 0 = y,, 5,95, ¥m = ¥ be two polygons of lengths < |x||s. +7 and
|| y Hs,, + 7 in the ecart. Then they have lengths between 1 and 1 + 6 +y<l+¢
in | |. Let us assume that in I [l the length of 0,x;,x,,-,x, is not larger
than that of 0,y,,y,,---, .. By introducing new division points, at most m in
the polygon for x and at most n in the polygon for y, it is easy to have in the new
polygons | xi || = || yi [, | %= xi—1 | = | yi — vi-: | for all those k where x; is
defined. If x;, = x, then the length in “ ” of the polygon connecting y;, and y
will be <. Thus || x — y; | = 4¢, and we have the inequality

k1
= x ol = | 200k —xi-0 = 0h= vl

Eaad

™

s '1 |G = xi) — Gl — -0 |-

This gives that X;| x;, — x;,— | = & where the summation is extended over all
those k; where | (x;, —xi,—1) — (i, = ¥i,-)| Z €|, — xi,-1|. For all
these k;’s we have by Lemma 2

[(oks = Xi =)+ On, = Yo,-0| = 13k, — %21 |+ |00 = ¥i,=1)

’ 14
X0, =X | - 8y
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This gives that there is a polygon connecting 0 and x + y which has length

< | x|lse+ || ¥llse+ 27 —&- 8, in the ecart. Since y is arbitrarily small the
lemma is proved.

LemMMA 4. Let B be a linear space with two norms ” H and ” ||,, Assume that
for all xeB, |x”,, < ”x“ < 2”x||w Assume also that there exists a real-
valued function 6(¢), 6(e) >0 if ¢>0, such that if “V” = ”y“ =1 and
lx=»|ze then |x+y|u S |x|u+]y|.—8@). Then | |, is a uniformly
convex norm.

Proor. We first observe that, for any norm || “1 on a linear space, we
have that ||x1||=”y||1=1 and 1> ||x—y]|lge>0 implies inf ” ax—yng ¢/,.(a)

We prove (a) in the following way: For [ o~ 1] < g/2, (a) follows from the
inequality ”ozx—y“1 = ”x—y”l —loz— ll . “x”1 =e—¢l2 = ¢f2.

For 0a=<1-¢>2 or 1+¢2=<a (a) follows from the inequality
[ox =y 2 | [ ex]s — [|y”1| =] a—1| = ¢/2. Finally, for « < 0, (a) follows
from the fact that | ax — | is a convex function of « which by assumption takes
the value 1 at « = 0 and some value £ 1 atx = 1.
=1 and 1/10 = | x — y|, = & Then for
some pair «,B,3 Sa <1, $<B<1, we have |ax| = |By] = 1. By (a),
we have || ax — By “ > “ ax — By ”,, = 4 - ¢/2. Thus by the assumptions of the
lemma, we have “ ax + fiy H,, < (x, + [ﬁ[ — 8(¢/4). This gives []x + y“,,

Now assume that || x|, =]y

< Jlox+Bylutd—x+(L=Byl. S |af + Bl —dEH+1-0) +
+ (1 — ) = 2 — 5(¢/4) and so we have proved that | |, is a uniformly convex
norm.

LemMMA 5. Ifin a Banach space B for every € >0 it is possible to introduce
a norm satisfying a) and b) of Lemma 3, then B can be given a uniformly
convex norm.

Proor. Put, with the notations of Lemma 3

1 1 1
[ ¥l =3l + g 0% ez + g s + -
Then [ x |, is obviously a norm on B and (1 — &) x| < |x|. < | x|. Now
assume that | x| = |y| = 1and that | x — y| Z ¢,. Then ¢, > ¢/2* for some k

and so it follows from Lemma 3 and the definition of | x |, that | x + y |, < | x|,
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+ [ y[la— 172441 - /2% 5,,¢/5 - 2* where &,¢/5-2" is the §, of Lemma 3
corresponding to &/2*. This gives by Lemma 4, that ” “,, is a uniformly convex
norm on B, Thus the lemma and the main theorem are proved.

We now list some corollaries of our main theorem.

CoROLLARY 1. A Banach space can be given an equivalent uniformly convex
norm if and only if it can be given an equivalent uniformly smooth norm.

Proor. If a Banach space can be given a uniformly smooth norm then this
norm wili be uniformly non-square. Thus by (1) and our main theorem it can
be given a uniformly convex norm. The “‘only-if>” part follows by duality.

It has been proved by E. Asplund [5] that if a Banach space can be given an
equivalent uniformly convex norm and an equivalent uniformly smooth norm,

then it can be given a norm which is both uniformly smooth and uniformly
convex. We thus obtain

COROLLARY 2. If a Banach space can be given an equivalent uniformly non-
square norm, then it can be given an equivalent norm, which is both uniformly
convex and uniformly smooth.

The concept ‘‘super-reflexive space’’ has been introduced by James, who
has proved theorems for these spaces (see [2] and [3]). It is a theorem of James
that a Banach space is super-reflexive if it is isomorphic to a space which is either
uniformly convex or uniformly non-square. So our main theorem and (1) now
give

COROLLARY 3. A Banach space can be given a uniformly convex norm if
and only if it is super-reflexive,

It is a known result (see Day [4], pp. 113-114) that uniform convexity of a
Banach space is dual to uniform Frechet differentiability of the norm so we also
get

COROLLARY 4. A Banach space can be given a uniformly Frechet differen-
tiable norm if and only if its dual can be given such a norm.

ReMark. The following result follows directly from our main theorem and
the results of (1): If it is true that a Banach space, which is uniformly non-I,(n)
for some n, is reflexive, then it is true that such a Banach space can be given an
equivalent uniformly convex norm.
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